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Motivations

Ecology

Ecology: study of interactions 5i@%

of a population with another g‘gg*i _
population and/or its :
environment.

Model examples:
prey-predator, epidemiology,
chemotaxis, tumor growth...

Organism

Evolution aspect is often neglected (rare mutations, etc.)
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Evolutionary Biology

» Natural selection
» Gene inheritance
» Mutations

Model examples: branching process,
evolutionary rescue, source-sink...

Ecology aspect is often neglected (homogeneous environment, no
interaction with other populations, etc.)
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Invasions : ecological + evolutionary effects

Context: (spatial) invasion of a population in a heterogeneous
environment. Therefore the population must adapt during its migration.

= eco + evo effects.
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Fisher-KPP equation — Acceleration

Overview

© Fisher-KPP equation — Acceleration
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Fisher-KPP equation — Acceleration

Reaction-diffusion equation

u(t, x): density of a population structured in time t > 0 and space x € R.
density variation | ) movement of n birth and death
of the population [ | individuals phenomena

Oru = Owu +f(x,u)
~ ~——

diffusion reaction
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The Fisher-KPP equation [4, 6]

Oru = Oxet + ru(1l — u), r>0,
u(0, x) = up(x), 0<u <1

Maximum principle
= u(t, x) € [0,1].

If up # 0, there is survival and
invasion of the population :

Vx e R u(t, x) o 1.

xr

Figure: Form of the solution u(t, x).
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Fisher-KPP equation — Acceleration

Invasion speed

Invasion speed depends only on the behavior of ug at infinity [3].

If up displays a heavy tail at +oo, i.e. if ug decreases more slowly than any
exponential, then there is acceleration of the front [5].

DE\L -

Figure: Three profiles of initial data, and the asymptotical speed of the front.
Green : compact support. Blue : exponential tail. Rouge : heavy tail.

x ~ct z/t — oo

c> 241

acceleration

xr
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Fisher-KPP equation — Acceleration

Location of level sets
We define the A-level set of u with A € (0,1)
Ex(t) ={x e R | u(t,x) = A}

Theorem 1: Hamel, Roques [5]

Assume ug satisfies
@ ug is front-like  (liminf_oo up >0, wp >0, limio up=0),
@ ug displays a heavy tail,
°

Then for all A € (0,1) and € € (0, r), there exists T such that
Ex() C [ug (™™ =0), ug (e )], we>T.
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Fisher-KPP equation — Acceleration

A few examples

E)\(t) C [uo—l(efrtJrst)’ uo—l(efrtfz-:t)} , Ve>T.

—bx? r\/e 1/a
wix) o e 0<a<l = E,\(t)~<b> $1/2,

uo(x) o Cx7° — InEA(t)Nét,
uo(x) ol C(lnx)™@ = InlnEx(t) ~ ét.
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An evolutionary ecology model

Overview

© An evolutionary ecology model
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Model overview

n(t,x,y): density of a population structured in time t, space x € R, and a
phenotypical trait y € R.

Oin=0xn + 0Oyn + {r(x,y)—/n(t,x,y’)dy’}n,
~—— R

migrations  mutations growth ~———~~—""
competition

where r(x,y) =1 — A(y — Bx)?, with A, B > 0.

Optimal trait depends on the position in space: yop:(x) = Bx. This is
called a linear environmental gradient.

Does the population survive ? If yes, is there invasion 7 At which speed ?
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An evolutionary ecology model

Intuition on parameters A and B

r(x,y) =1— A(y — Bx)2.

/

We expect that, if
A(1 + B?) is too large, the

band r > 0 is too narrow, >0
which leads to extinction. /
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An evolutionary ecology model

Linear env. gradients

Example: tree population, where x is the latitude, proportional to the
duration of sunshine and y a trait linked to the growth by photosynthesis.

Bud set, Pinus sylvestris Growth cessation, Picea abies
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Figure: Image from Savolainen et al. 2017.
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An evolutionary ecology model

A change of variables

x + By v — y — Bx

V1+ B? V1+ B2

In green, the direction X — +oc. B

In red, the direction Y — 4o0. y 1

X

If we set v(t,X,Y) = n(t,x,y) and F(Y) :=1— A(1+ B?)Y?, then
Dev — Dxxv — Dyyv — <?(Y) - /(...)) "
R
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A bit of spectral theory

For w(Y’) any function defined for Y € R, we set the operator
Lw=—-w"—FY)w.

Proposition 1

The eigenvalues of L are real and satisfy A\g < A1 < ...

There exists a unique eigenfunction 'y such that

LTo=Xlo, To>0,  [Follec =1

For our choice of r(x, y):

Ao =JA(L+B2) —1, To(Y)=exp (—;\/A(l + B2)Y2) , YeER

Survival or extinction depends only on the sign of Ap.
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An evolutionary ecology model

Survival and invasion if A\g < 0, extinction otherwise

Ao > 0 & extinction [2].
Ao < 0 < survival and invasion [1].

We look at the total population in (t, x), and its p-level set with >0

N(t, x) ::/Rn(t,x,y)dy, En(t) = {x € R | N(t,x)=p}.

Theorem 2: Alfaro, Berestycki, Raoul [1]

Assume A\g < 0 and ng # 0 compactly supported. Then

36 >0, Vue(0,8), E;(t) ~w"t, w* =2
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Invasion in the direction y = Bx

No propagation in the direction Y: v(t, X, Y) < G e~ @Y.
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Figure: n(t,-,-) for t = 30s, compactly supported ny, A= 0,02 and B =0,8.
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Acceleration in the evolutionary model

Overview

@ Acceleration in the evolutionary model
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Acceleration in the evolutionary model

The main questions

Supp ug compact = E)(t) ~ c*t

Ot — Oxxet = ru(1 — u) _
heavy tail ug = E\(t)/t — +o0

Supp np compact = E(t) ~ w't

0¢n — Oxxn — Oyyn = ...
e {"heavy tail" ng = E"(t)/t — 777

» Q1: condition on ng that leads to acceleration?
» Q2: bounds on E//(t) as in Theorem 17
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Acceleration in the evolutionary model

A "coarse" condition for acceleration
Proposition 2
Assume \g < 0 and vo(X,Y) = no(x,y) satisfies
vo(X, Y) = up(X)Fo(Y),
with uq front-like displaying a heavy tail. Then there is acceleration:

I8 >0, Vue(0,8), E;(t)/t— +oo.

Proof

Goal: construct a function v(t, X, Y) so that v > v for all (¢, X, Y), and
all the level sets of v are accelerating.

As a consequence, for levels 1 < 8 = ||v||oo, we have the result.
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Acceleration in the evolutionary model

Oru — Oxxu = (—Xo —e)u(l — vu),

Let 0 < e < —Xg and u(t, X) solve
° (£:X) {u(O,X) = ug(X).

Set v(t, X, Y) = pu(t, X)[o(Y) with p < 1. Since uy has a heavy tail, we
have acceleration for u, thus for v.

By assumption, v(0, X, Y) > v(0, X, Y). Assume by contradiction, that
v(t,-,-) # v(t,-,-) for some t > 0, and define

to = min {1.' >0 | El(X(), Yo) S R2, V(t,Xo, Yo) = M(t,Xo, YO)} , to > 0.

The function v — v reaches a local maximum at (tg, Xo, Yp), thus

’D[M — V](to,Xo, Yo) >0, D =0y — Oxx — Oyy — T’(Y)

We will get a contradiction by proving D[v — v|(to, Xo, Yo) < 0.
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Acceleration in the evolutionary model

D[v] = (0 — Oxx — dyy — F(Y))[v]
= p(O¢u — Oxxu)lo + pu (—Tg — F(Y)lo)
< p(—)\o — €)Ur0 + pu()\oro) = —¢EVv.

Meanwhile, D[v] is equal to the integral term, and we get an upper bound
thanks to a refinement of a Harnack inequality:

~D[V](t0, %o, Yo) = v(t0: %o, ¥0) [ (--.)
< V(t(),Xo, Yo) (Cv(to,Xo, Yo) + g) .

Selecting p small enough, there holds v = pulp < 3%, so that

D[!— V](if(),)(()7 Y()) < !(to,Xg, Yo) (-8 + % + g) <0. O
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A little bit more spectral theory

Let R > 0. For w(Y) a function defined for Y € [—R, R] and satisfying
w(£R) = 0, we set the operator LRw = —w" — F(Y)w.

Proposition 3
The eigenvalues of LR are real and satisfy \§ < A\F < ...
There exists a unique eigenfunction T§ such that
LRTE = AFT§
rf>o on (=R, R),
rf(£R) =0
Tl = 1.

Additionally, A§ > Ao and Af — Ao when R — +oc.
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Acceleration in the evolutionary model

The "refined" condition for acceleration

In fact, we still have acceleration if vo(X, Y) > ug(X)F(Y) with R >0

large enough so that )\g < 0.

The proof is similar: just change —\g to —Ag. But we can do even better!

’//////////

Figure: In grey, the domain where vo(X, Y) > uy(X) to obtain acceleration.
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Acceleration in the evolutionary model

The "refined" condition for acceleration

Theorem 3: Peltier [7]

Assume g < 0 and vo(X, Y) = no(x,y) satisfies
Jo_ < 0+, VO(Xa Y) 2 HO(X)]'[U_,UJr](Y)
with ug front-like displaying a heavy tail. Then there is acceleration:

I8 >0, Vue(0,8), E;(t)/t— +oo.

v(t, X, Y) > v(t, X,Y),

To prove it, construct v such that R
- v(1,X,Y) = puo(X)g (Y).
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Location of EjJ(t) (1/2)

Definition 1
A function q € L>(R) is said to satisfy condition (Q) if:

e q is front-like (liminf_ocg¢ >0, g>0, limixq=0),

@ q displays a heavy tail,
@ J¢ € R such that q is C?> and decreasing in [, +0c0),
e ¢’(x) = o(q(x)) when x — +o0.

Condition for the location of E(t)

Jdo_ <oy, HO(X)I[U_,0+](Y) < Vo()(7 Y) < Uo(X)ro(Y), (LOC)

where uy and T satisfy (Q).
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Location of E](t) (2/2)

Theorem 4: Peltier [7]

Assume Ao < 0 and w(X, Y) = np(x, y) satisfies (LOC).
Let R > 0 large enough such that )\g < 0. Then:

38 >0, Yue(0,8), Veec(0,-Nf), IT >0, Vt>T,

E1) g v (&) o ()

Trade-off: if R — +o0, then )\g ¢ Ao, thus a more precise lower bound,
but 8 = B(R) — 0, therefore the levels localised are getting lower.
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Remarks and conclusion

Overview

© Remarks and conclusion

Gwenaél Peltier (Univ. Montpellier) IAccelerating invasions in evolutionary ecology 10/03/2020 31/35



Remarks and conclusion

Heavy tail along another direction

Initial heavy tail in the favorable direction X — 400 = acceleration.
What if the heavy tail is in another direction, like x — +o00 ?

Theorem 5: Peltier [7]

Assume Ag < 0 and
do_ < o4, 0 ?—é nO(X7y) S Cl[U_,U+](y)‘

Then the asymptotic speed of propagation is the same as when ng is
compactly supported: E;j(t) ~ w*t.

Same for all directions X’ # X.
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Next steps

@ Study the convergence towards a steady state. On numerical
simulations, it seems that v(t, X, Y) — Cstlo(Y) for all X.

@ For more biological sense, change the mutation term —Jyy to a
convolution-type term J * u — u.

o Consider non-linear environmental gradients:
r(x,y) =1-Aly — ¢(x))%.
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Remarks and conclusion
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